Abstract. In this paper we list all the weight 2 newforms f (τ ) that are products and quotients of the Dedekind eta-function
In light of the proof of Fermat's Last Theorem by A. Wiles and R. Taylor, there have been many expository articles describing the nature of the ShimuraTaniyama conjecture, the conjecture which asserts that every elliptic curve E over Q is modular. This implies that the Hasse-Weil L−function of an elliptic curve E with conductor N over Q,
L(E, s)
is the Mellin transform of a weight 2 newform f (τ ) ∈ S 2 (N ) with Fourier expansion
where q := e 2πiτ . Many explicit examples of this correspondence have been given and it appears that the easiest examples to state correspond to those cases where the cusp form f (τ ) is an eta-quotient. We have been encouraged by a number of people to write this short note where we once and for all compile the complete list of weight 2 newforms that are eta-quotients along with their strong Weil curves. In the next section we describe the method which produces this list of newforms, and we present the table of elliptic curves E corresponding to these cusp forms. For the five curves with complex multiplication, we show how the Grössencharacters are easily described by well known q−series infinite product identities.
We begin by exhibiting all weight 2 newforms with trivial Nebentypus character f (τ ) := η ri (t i τ), where r i are non-zero integers, and t i are positive integers. This is a special case of a more general result obtained in [10] , where all such forms of arbitrary integral weight, level, and character that are Hecke eigenforms (plus a condition involving the Fricke involution) are classified. Dummit, Kisilevsky and McKay [2] found all η-products which are newforms. In [10] this result was generalized, and it is determined that there are 74 η-quotients η g (τ ) of integral weight such that both η g (τ ) andη g (τ) (the image of η g (τ ) under the corresponding Fricke involution) are Hecke eigenforms. In this list all cusps forms turn out to be newforms.
These forms are interesting, among other things, because of their relations with representations of some sporadic simple groups. In [12] G. Mason related most of the η-products in [2] to the Mathieu group M 24 via some McKay-Thompson series. This relationship was extended in [13] using a generalized McKay-Thompson series. As for η-quotients, it is possible to show that at least 72 of the 74 η-quotients classified in [11] can be associated to the Conway group 2Co 1 (the automorphism group of the Leech lattice) via a particular generalized McKay-Thompson series (see [10] , [11] ).
Theorem 1.
The following list contains all eta-quotients that are weight 2 newforms.
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Proof (Sketch). First we observe that an η-quotient η g (τ ) of level N g and character χ g has all its zeros at the cusps of Γ 0 (N g ). Their orders are given in terms of the parameters of g = t
Here ν c is the order of zero of η g (τ ) at the cusp 1/c, h = h c is the width of 1/c, and the character χ g is assumed to be trivial.
The basic idea for the proof of the theorem is to show that the multiplicity of any zero (with respect to the local variable
This upper bound implies that only finitely many levels and weights are possible for such forms. By fixing the level N g we fix all parameters t 1 , t 2 , . . . , t s of g, as the latter are divisors of the former. Next we observe that any set of possible multiplicities for the zeros of η g (τ ) (which are non-negative integers bounded by 2 4 ), together with (1), defines a system of linear equations in the variables r 1 , r 2 , . . . , r s . An integral solution of this system (if any) determines a formal product g, and therefore an η-quotient η g (τ ). Clearly this process produces a finite list of modular forms containing all of those classified by the theorem, and now we just have to check which of these functions are indeed Hecke eigenforms.
Therefore the crux of the argument boils down to the computation of the upper bound described above. We now address this issue.
Let f (τ ) be a modular form of level N , weight k and Dirichlet character χ (for simplicity take χ to be trivial). Let c be any factor of N . The Fourier series expansion of f (τ ) at the cusp 1/c is a power series of the form
where ν c is some non-negative integer with a νc = 0, and h = h c = N/ gcd(c 2 , N) is the width of the cusp 1/c. The order or multiplicity of zero of f (τ ) at 1/c is the integer ν c .
Since every η-quotient has the property that the orders of vanishing at the cusps 1/c and a/c are the same if gcd(a, c) = 1, we may assume that f (τ ) has this property.
If p is any rational prime and T p f = λ p f for some λ p in C one can relate the Fourier series of f (τ ) at the cusps 1/c and 1/pc. For example, if p|N , gcd(p, 
where l c + 1 = x p and l ≡ pn l (mod 
≤ α ≤ M . These identities are proved in the same way. This argument, however, does not work for α < M+1 2 . In order to get the same relations for these values of α, we need to assume thatf (τ ), the image of f (τ ) under the Fricke involution, is also an eigenform of T p . This is the case if f(τ) is a newform and its Fourier coefficients at infinity are real numbers.
These equations yield some properties of the order of zero ν c . For example:
(i) ν c = 0 or any prime divisor of ν c is a factor of gcd(c, N/c). It should be noted that remarks (i), (ii) and (1) imply (iii). Although (1) only gives the smallest non-zero exponent of the variable q in the Fourier series of η g (τ ) at 1/c, a careful examination of this power series (given also in terms of the parameters of g) yields (iv). By (iii) and (iv), 2 4 is an upper bound for the orders of zero of such an η-quotient. Now we give a corresponding modular elliptic curve E over Q, from the isogeny class of curves whose Hasse-Weil L−function agrees with the Mellin transform for each of the twelve weight 2 eta-quotient newforms. Since all these curves are known to be modular, the following theorem is easily verified by checking well known tables (see [1] ).
If E is an elliptic curve, then we shall label its coefficients a i as usual; namely they belong to the Weierstrass model
For more on the theory of elliptic curves see [6] , [14] , [15] . 
Proof. This list is complete since all eigenforms that are weight 2 eta-quotients are known and are given in Theorem 1. These curves are all well known to be modular and they may be found in various tables (see [1] ).
The curves with conductors 27, 32, 36, 64, and 144 have complex multiplication. Specifically the curves with conductors 27, 36, and 144 have complex multiplication by Q( √ −3) while the curves with conductors 32 and 64 have complex multiplication by Q(i). Moreover the curves with N = 36 and 144 given in Theorem 2 are quadratic twists of each other by −1.
In particular this implies that L(E, s) is a Hecke L−function, a function corresponding to a Grössencharacter. In all of the five cases where E has complex multiplication we show how to find explicit formulae for the coefficients L(φ, s) using well known classical theta series due to Euler, Jacobi, Köhler, and Macdonald [7] , [9] .
The following q−series infinite product identities are well known:
We now use these identities to compute the Fourier coefficients, which are sums of the relevant Hecke Grössencharacters, for those five forms with complex multiplication. First we fix some notation. Let
a N (n)q n be the weight 2 eta-quotient newform of level N. Since their coefficients are Hecke multiplicative, it suffices to give the formulae for a N (p) for p prime; these are the traces of the Frobenius endomorphism. These formulae are the content of the following result. Proof. Except for a 144 (p), these results follow immediately from the q−series infinite product identities and Theorem 1. The fact that the conductor 144 curve is a −1 quadratic twist of the conductor 36 curve immediately implies that for odd primes p a 144 (p) := −1 p a 36 (p).
The result now follows from the formulae for a 36 (p).
The formula for a 27 (p) can be found in [8] and similar formulae for other multiplicative eta-products can be found in the works of Gordon, Hughes, Sinor, and Robins [3] , [4] , [5] .
